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A PALEY-WIENER TYPE THEOREM FOR SINGULAR MEASURES ON
T
ERIC S. WEBER
Abstract. For a fixed singular Borel probability measure µ on T, we give several char-
acterizations of when an entire function is the Fourier transform of some f ∈ L2(µ). The
first characterization is given in terms of criteria for sampling functions of the form fˆ when
f ∈ L2(µ). The second characterization is given in terms of criteria for interpolation of
bounded sequences on N0 by fˆ . Both characterizations use the construction of Fourier series
for f ∈ L2(µ) demonstrated in Herr and Weber [HW17] via the Kaczmarz algorithm and
classical results concerning the Cauchy transform of µ.
1. Introduction
The classical Paley-Wiener theorem states that an entire function F is the Fourier Trans-
form for some f ∈ L2(−1/2, 1/2) if and only if F is of exponential type at most π and the
restriction of F to R is square-integrable. An equivalent description of such entire functions
is that F satisfy the following two conditions: (i) the values of F on the integer lattice are
square-summable and (ii) for every z ∈ C, F (z) can be recovered from the values of F on the
integer lattice via cardinal interpolation, i.e. the Shannon-Whittaker-Kotelnikov Sampling
Theorem [BF01]. While this latter description of the inhabitants of the Paley-Wiener space
is less elegant than the former, we will demonstrate that it is amenable to generalization to
singular measures on T = (−1/2, 1/2).1 Indeed, here is the question we shall answer: given a
fixed singular Borel probability measure µ on T, when can an entire function F be written as
(1) F (z) =
∫
T
f(x)e−2πixz dµ(x)
for some f ∈ L2(µ)? Note that we are a priori fixing the measure µ.
There are numerous results–in addition to the Paley-Wiener theorem–on when an entire
function is the Fourier transform of a function, measure or distribution. The classical results
in this regard include the Plancheral-Po´lya theory [PP37], the “Bochner-Schoenberg-Eberlein
conditions” contained collectively in [Boc34, Sch34, Ebe55], and the Beurling-Malliavin theory
[BM62].
We consider the question from the viewpoint of the sampling and interpolating problems
for bandlimited functions as presented in [Str00, HS01]. In particular, in [Str00] Strichartz
poses a more difficult question than the one we address in the present paper: for a compact
set K, when is an entire function F the Fourier transform of a (complex) measure supported
on K?
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1We assume µ({1/2}) = 0; if necessary, rotate µ around T to make it so.
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2. Main Results
For our characterization of those functions which admit the representation in Equation (1),
we require both the Fourier-Stieltjes transform µ̂ and the Cauchy transform µ+ of µ:
µ̂(z) :=
∫
T
e−2πizx dµ(x); µ+(z) :=
∫
T
1
1− ze2πix
dµ(x).
As noted in [KM01], µ+ is nonvanishing on D; it is in fact the reciprocal of µ+ that we
require. The following theorem uses the Kaczmarz algorithm [Kac37], an iterative algorithm
for solving systems of linear equations, as well as the main result of [KM01], which says that
the Kaczmarz algorithm converges to the solution x for input {〈x, ϕn〉}
∞
n=0 when {ϕn} is a
stationary sequence in a Hilbert space with singular spectral measure (see [HW17] for details;
see also [Pol93] for the original proof of the existence of Fourier series for f ∈ L2(µ)).
Theorem A. Suppose µ is a singular Borel probability measure on T, and let {αn} be
the sequence of Taylor coefficients of
1
µ+(z)
. Define the sequence of functions gn(x) =∑n
j=0 αn−je
2πijx. Then the sequence {gn}
∞
n=0 ⊂ L
2(µ) has the property that for all f ∈ L2(µ),
(2) f =
∞∑
n=0
〈f, gn〉en =
∞∑
n=0
〈f, gn〉gn
with the convergence of both series occuring in the norm. Moreover, Parseval’s identity holds:
‖f‖2 =
∑∞
n=0 |〈f, gn〉|
2.
As a consequence of Parseval’s identity, the sequence {gn}
∞
n=0 is a Bessel sequence and
hence for any square-summable sequence {cn} ∈ ℓ
2(N0), the series
∑∞
n=0 cngn also converges
in norm.
2.1. Characterization using Sampling Criteria. As noted previously, the Paley-Wiener
theorem can be reformulated in terms of the Sampling Theorem. Our first characterization
of which entire functions F = fˆ for some f ∈ L2(µ) is analogous.
Theorem 1. Suppose µ is a singular Borel probability measure on T, and let {αn}
∞
n=0 be the
Taylor coefficients for
1
µ+(z)
. An entire function F admits the representation in Equation
(1) for some f ∈ L2(µ) if and only if the following conditions hold:
(i)
∞∑
n=0
∣∣∣∣∣
n∑
j=0
αn−jF (j)
∣∣∣∣∣
2
<∞;
(ii) for all z ∈ C,
(3) F (z) =
∞∑
n=0
(
n∑
j=0
αn−jF (j)
)(
n∑
k=0
αn−kµ̂(z − k)
)
.
Proof. For F = fˆ , note that
∑n
j=0 αn−jF (j) = 〈f, gn〉, so the necessity of (i) follows by the
Parseval identity. The necessity of (ii) follows by the previous observation and applying the
Fourier transform to the second series expansion of f in Equation (2).
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We turn now to the sufficiency. Combining (ii) with the fact that the sequence {gn}
∞
n=0 ⊂
L2(µ) is a Bessel sequence, we define the function
f =
∞∑
n=0
(
n∑
j=0
αn−jF (j)
)
gn.
As this series converges in L2(µ), we obtain
fˆ(z) =
∞∑
n=0
(
n∑
j=0
αn−jF (j)
)
ĝn(z)
=
∞∑
n=0
(
n∑
j=0
αn−jF (j)
)(
n∑
k=0
αn−kµ̂(z − k)
)
= F (z)
by Item (iii). 
2.2. Characterization using Interpolation Criteria. We consider now whether the sam-
pling condition in Equation (3) of Theorem 1 can be replaced by a different criteria. Our
approach here is to view the characterization from an interpolation viewpoint rather than
a sampling viewpoint. The question then becomes the following: when is {F (n)}∞n=0 the
sequence of Fourier moments of some f ∈ L2(µ)? In other words: given an entire function F
does there exist some f ∈ L2(µ) such that for all n ∈ N0,
(4) F (n) =
∫
T
f(x)e−2πinx dµ(x)?
Certainly this is a necessary condition for F = fˆ , and in all (Theorem 2) but the extremal
case (Theorem 3) concerning the support of µ this is sufficient.
The interpolation problem can be decided using the model subspaces of H2(D). For a
singular measure µ, there exists a unique inner function b on D given by the Herglotz Rep-
resentation [Dur70]. This inner function defines a backwards invariant shift invariant space
H(b) = H2 ⊖ bH2 as a consequence of Beurling’s theorem [Beu48]. Observe that F ∈ H(b)
if and only if TbF = 0, where Tϕ is the Toeplitz operator on H
2(D) with symbol ϕ. Clark
proves [Cla72] that the Normalized Cauchy transform Vµ defined as
(5) Vµ : L
2(µ)→H(b) : f 7→
∫
T
f(x)
1− ze−2πix
dµ(x)
µ+(z)
.
is a unitary operator. If F ∈ H(b), then there exists a unique f ∈ L2(µ) such that F = Vµf .
We denote it by f = F ⋆, and call F ⋆ the L2(µ)-boundary of F because
(6) lim
r→1−
‖f(x)− F (re2πix)‖µ = 0.
This limit was demonstrated by Poltoratski˘ı [Pol93] (see also [Ale89]).
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The Normalized Cauchy Transform can be expressed in terms of the sequence {gn} appear-
ing in Theorem A [HW17]:
(7) Vµf(z) =
∞∑
n=0
〈f, gn〉z
n, f ∈ L2(µ).
Therefore, we have the following characterization of the interpolation problem posed in Equa-
tion (4).
Lemma 1. Suppose µ is a singular Borel probability measure on T, b is the inner function on
D associated to µ via the Herglotz representation, and suppose {an}
∞
n=0 ⊂ C. The following
conditions are equivalent:
(i) there exists a function f ∈ L2(µ) with the property that
(8) an =
∫
T
f(x)e−2πinx dµ(x);
(ii) the following inclusion holds:
Ga(z) :=
∑∞
n=0 anz
n
µ+(z)
∈ H(b).
Proof. Observe that
(9) Ga(z) =
∞∑
n=0
(
n∑
j=0
αn−jaj
)
zn.
Suppose that the moment problem in Equation (8) has a solution for some f ∈ L2(µ).
Combining Equations (9) and (7) demonstrates that Ga = Vµf . Therefore, by (5) we obtain
that Ga ∈ H(b).
Conversely, if Ga ∈ H(b), then reversing the previous argument yields the existence of a
function f ∈ L2(µ) such that Ga(z) =
∑∞
n=0〈f, gn〉z
n. Since we have for every n
n∑
j=0
αn−jaj = 〈f, gn〉 =
n∑
j=0
αn−j
∫
T
f(x)e−2πijx dµ(x),
it now follows that Equation (8) holds. 
For an entire function F of exponential type, we use hF to denote the Phragme´n-Lindelo¨f
indicator function.
Theorem 2. Suppose µ is a singular Borel probability measure with support in [α, β] ⊂
[−1/2, 1/2] where β − α < 1. Let b be the inner function associated to µ via the Herglotz
Representation. The entire function F admits the representation in Equation (1) if and only
if
(i) F is of exponential type;
(ii) the indicator function of F satisfies hF (
π
2
) ≤ 2πβ and hF (−
π
2
) ≤ −2πα;
(iii) the following inclusion holds:
GF (z) :=
∑∞
n=0 F (n)z
n
µ+(z)
∈ H(b)
i.e. the function GF is in the kernel of the Toeplitz operator Tb.
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Proof. If F admits the representation in Equation (1), then F satisfies (i) and (ii) using
standard estimates (see, e.g. [PW87]; see also Lemma 2 below). Additionally, (iii) follows
from Lemma 1.
Conversely, if F satisfies (i), (ii), and (iii), then by Lemma 1, there exists a f ∈ L2(µ) such
that fˆ(n) = F (n) for n ∈ N0. Moreover, fˆ satisfies (i) and (ii) so we must have F = fˆ by
Carlson’s Theorem ([Boa54, Theorem 9.2.1]). 
Corollary 1. Suppose µ is a singular Borel probability measure with support in [−1/2 +
ǫ, 1/2 − ǫ], and let b be the inner function associated to µ via the Herglotz Representation.
The entire function F admits the representation in Equation (1) if and only if
(i) F is of exponential type at most π −
1
2ǫ
;
(ii) the following inclusion holds:
GF (z) :=
∑∞
n=0 F (n)z
n
µ+(z)
∈ H(b)
i.e. the function GF is in the kernel of the Toeplitz operator Tb.
Recall that we are assuming that {1/2} is not an atom for µ.
Lemma 2. If µ is a Borel measure on T, then for f ∈ L2(µ), fˆ satisfies the estimate
(10) |fˆ(z)| ≤ ε(|z|)eπ|z|, ε(r) = o(1).
Proof. For z = x+ iy with y > 0, we estimate ‖e2πitz‖2µ as follows: let {xn} be an increasing
sequence with x0 = −1/2, xn < 1/2, xn → 1/2 and αn = µ((xn−1, xn]). We have∫
T
|e2πitz|2dµ(t) =
∑
n
∫
(xn−1,xn]
e4πtydµ(t) ≤ O(1) +
∑
n
αne
4πxny.
Since
∑
αn <∞, we obtain∫
T
|e2πitz|2dµ(t)
e2πy
.
∑
n
αne
2π(2xn−1)y = o(1)
by Lebesgue’s Convergence Theorem. The same estimate holds for y < 0. Equation (10) now
follows from the Cauchy-Schwarz inequality. 
Theorem 3. Suppose µ is a singular Borel probability measure on T, and let b be the inner
function associated to µ by the Herglotz Representation. The entire function F admits the
representation in Equation (1) if and only if
(i) |F (z)| ≤ ε(|z|)eπ|z| with ε(r) = o(1);
(ii) the following inclusions hold:
G+(z) :=
∑∞
n=0 F (n)z
n
µ+(z)
∈ H(b), G−(z) :=
∑∞
n=0 F (−n)z
n
µ+(z)
∈ H(b);
(iii) the L2(µ)-boundaries of G+ and G− satisfy the relationship
G⋆+ = G
⋆
−.
6 ERIC S. WEBER
Proof. The necessity of Item (i) follows from Lemma 2; the necessity of Items (ii) and (iii)
are routine.
For the converse, the issue again is when can the sequence {F (n)}∞n=−∞ be interpolated by
a function of the form fˆ for some f ∈ L2(µ). If Item (ii) holds, then by Lemma 1, there exist
f+, f− ∈ L
2(µ) such that for all n ∈ N0,
(11) F (n) =
∫
T
f+(x)e
−2πinx dµ(x); F (−n) =
∫
T
f−(x)e
−2πinx dµ(x).
Since Vµf+ = G+ and Vµf− = G−, we have f+ = G
∗
+ and f− = G
∗
−. Therefore, if in addition
Item (iii) holds, then we have for all n ∈ Z
(12) F (n) =
∫
T
f+(x)e
−2πinx dµ(x).
Consequently, if Item (i) holds, F and fˆ+ are both entire functions satisfying the same
estimate by Lemma 2. Therefore, Carlson’s Theorem in the form given in [Boa54, Corollary
9.4.4] guarantees that F = fˆ . 
3. A No-Go Result
The power and beauty of the Paley-Wiener theorem is that the Paley-Wiener space is
the intersection of two simple collections: entire functions of exponential type at most π
and L2(R). In general, this simplicity cannot be replicated. There can be no integrability
characterization for entire functions F that admit a representation as in Equation (1), at
least in the sense we make precise presently. We note that in [Str93a] (see also [Str90,
Str93b]), Strichartz demonstrated that for measures µ which are “uniformly β-dimensional”,
the function fˆ satisfies the following integrability/Plancherel identity condition:
(13) lim sup
R→∞
1
R1−β
∫ R
−R
|fˆ(t)|2dt ≃ ‖f‖2µ.
However, this condition does not characterize the functions fˆ .
For our purposes here, let us denote PW (µ) = {fˆ |f ∈ L2(µ)}, and let us denote by
Cτ the collection of all entire functions of exponential type at most τ and bounded on R
(0 < τ ≤ π). By a weight w on R we mean a nonnegative measurable function; we denote
L2(w) := {f |
∫
R
|f(x)|2w(x)dx <∞}.
Theorem 4. Suppose PW (µ) = Cτ ∩L
2(w) for some τ ∈ (0, π] and some weight or measure
w on R with ‖f‖µ ≃ ‖fˆ‖w. Then there exists a Riesz basis of the form
(14) {ωne
2πiλnx}n∈Z ⊂ L
2(µ)
for some sequence {λn} ⊂ R and ωn > 0.
Proof. If PW (µ) = Cτ ∩ L
2(w), then PW (µ) endowed with the ‖ · ‖w norm is a de Branges
space. Indeed, by [dB68, Theorem 23], we need to verify the conditions identified as (H1),
(H2), and (H3). Clearly Cτ ∩ L
2(w) satisfies (H1) and (H3). For (H2), note that if w ∈ C
and F ∈ PW (µ), then
|F (w)| ≤ ‖f‖µ‖e
2πiw·‖µ . ‖F‖w.
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Consequently, by [dB68, Theorem 22] there exists a sequence {λn} ⊂ R such that for all
f ∈ L2(µ),
(15) ‖fˆ‖2w =
∑
n∈Z
|fˆ(λn)|
2
K(λn, λn)
≃ ‖f‖2µ.
Here K is the reproducing kernel for the space; the sequence of kernels {K(λn, ·)} form a
complete orthogonal set in the space. This combined with Equation (15) proves the claim,
where ωn = K(λn, λn)
−1/2. 
Measures which possess a Riesz basis or frame of exponentials are rare (see e.g. [DHSW11,
DL14]). The following was demonstrated in [DHW14]: if PW (µ) ⊂ L2(w) is a closed sub-
space, then there exists a frame of the form in (14).
Remark. We point out that our techniques in the present paper are quite similar to the
alternative proof of the Paley-Wiener theorem given in [Boa54, pg. 106].
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